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The two-dimenslonal flow of a mass of cohesionless granular materiaI down 
a rough bed is studied by the use of the method of strMned coordinates. 
The work is relevant o the motion of rockfalls, ice avalanches and dense 
flowing snow avalanches. By appropriate non-dimensionalization, a small 
parameter e,which is the ratio of the characteristic length to depth of the 
pile, appears in the equations of motion. Perturbation expansions for the 
depth and velocity profiles of the moving mass, and the strained coordinate 
are introduced. The differentia/equations for terms of various orders are 
solved and the resulting divergent series are summed by the use of Shanks 
transformations and Pad~ approximaats. The analysis is carried out with 
the symbolic manipulation package I%EDUCE 3.3 and these results are 
translated by means of GENTI~AiN into C-code for numerical evaluation. 
The analytical form of the solution suggested the existence of similarity 
solutions for certain initial conditions. The analysis also demonstrated the 
inadequacies of a finite difference routine; this ted to the development of a 
much improved numerica/scheme. 
1. Introduct ion 
The present paper deals with the two-dimensional flow of a finite mass of 
cohesionless granular material released from rest on a rough inclined surface (see 
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0747-7171/90/040515 + 6 $03.00/0 9 1990 Academic Press Limited 
516 S.B. Savage 
Fig. 1). This work is part of am ongoing theoretical nd experimental investigation 
(carried out in collaboration with K. Hurter) into the mechanics of rockfalls, and 
ice and snow avalanches ( Savage and Hurter 1989a, 1989b, Savage and Nohguchi 
t988, Hurter and Savage 1988~ Hutter, Savage and Nohguchi 1988, Hutter~ Pliiss 
and Savage 1989). Typically in nature, material is released from rest in the form 
of numerous discrete blocks or granules. The subsequent motion of the materiM 
exhibits fluid-like characteristics in that the pile tends to spread out into thin 
layers and also can flow on surfaces that are sloped at less than the static angle of 
repose of the granular material. In general, the mechanics of such flows is poorly 
understood. 
Savage and Hurter have constructed simple models of these kinds of geophysical 
flows by considering the depth averaged two-dimensional motion of a finite mass 
of granular material down planes (Savage and I-Iutter 1989a) and curved surfaces 
(Savage and Hurter 1989b). The particulate matter was treated as a cohesionless 
continuum obeying a Mohr-Coulomb yield criterion. The shear stress at the bed 
was related the normal stress there through a constant wall friction angle. 
They attempted to obtain numerical solutions of the depth averaged equations 
of motion by an Eulerian approach which was an adaptation of MacCormack's 
(1978) two-step finite difference scheme. The results of these computations indi- 
cated that an initial pile in the shape of a smooth hump would invariably develop 
into a profile having steep slopes at the front and rear of the pile with maximum 
depths there and a minimum depth near the middle of the pile. Some typical 
numerical results are shown in Fig. 2. 
These results were suspect, since laboratory experiments ofHuber (1980) showed 
no evidence of the development into this kind of two peaked, steep-edged M-wave 
shape. Furthermore, this numerical scheme gave poor predictions of the rate of 
spread of the pile. At this stage it was felt worthwhile to attempt an alternative 
analytical investigation of the problem; this is described in the present paper. A 
perturbation analysis is carried out using the method of strained coordinates (Van 
Dyke 1975, Kevorkian and Cole 1981). Through the use of the symbolic manipu- 
lation package REDUCE 3.3 (Hearn 1987) it is possible to achieve accurate results 
by carrying out the expansions to high order, far higher than would be feasible by 
hand. As commonly occurs, the resulting solutions (here the expressions for the 
depth, velocity, and the strained coordinate) are in the form of divergent series. 
These series axe summed by means of Pad6 approximaats (Baker 1975, Bender and 
Orszag 1978) for which again REDUCE 3.3 is an essential tool, and also by means 
of Shanks' nonlinear transformation (Shanks 1955). GENTRAN (Gates 1987) was 
used to translate the results of the REDUCE programs into C code for numerical 
summation of the series using Shanks transformations. 
2. Governing Equations 
We shall use the depth averaged equations of motion developed previously by 
Savage and Hurter (1989a, 1989b) and only give here details sufficient o define 
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Fig. 1. Definition sketch for the motion of granular material down an incline. 
Fig. 2. Results obtained from an explicit Eulerian finite difference scheme (Savage 
and Hutter 1989a) for the flow of a finite mass of granular material starting from 
rest on a bed with inclination angle ( = 50 ~ bed friction angle 6 = 38 ~ and 
e -- 0.1667. 
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our notation. The granular material is treated as a continuum having a constant 
bulk density p. In laboratory scale simulations of avalanches using glass beads 
and plastic particles (Hurter, Pliiss and Savage 1989) it was found that the varia- 
tions in overall average bulk density (corresponding to the total avalanche volume 
change) from the initiation of motion until the material eventually comes to rest 
were generally less than a few percent. The assumption of a constant bulk density 
is perhaps more appropriate for rock a~ud ice avalanches than for snow avalanches. 
However, it should be mentioned that by using a transverse coordinate transfor- 
mation similar to that used in compressible boundary layer theory, it is possible to 
traasform the depth averaged compressible flow equations into the incompressible 
form used in the present paper. Hence the methods used here can be carried over 
to the more general compressible flow case. 
It is assumed that the flow takes place on a bed having small curvature ~, as 
shown in Fig. 1, where x is the streamwise coordinate, y is perpendicular to the 
bed and u and v are the velocity components in the x and y directions respectively. 
The shear traction at the bed S, is related to the normal stress N through a bed 
friction angle 5 by means of a simple Coulomb-like dry friction law, i.e. 
(1) 
where the sign is given by the direction of the sliding velocity. 
Furthermore, it is assumed that the material making up the pile obeys a co- 
hesionless Molar-Coulomb yield criterion (Roscoe 1970) with a constant internal 
friction angle r Thus, yielding occurs on a plane element when 
IS'f = Nta r (2) 
where S and N are respectively the shear and normal stress acting on the element 
(which has a general orientation). Using the standard soil mechanics terminology, 
we assume that an active or passive state of stress is developed, depending upon 
whether an element of granular material is being elongated or compressed in the 
direction parallel to the bed. As seen from the standard Mohr-diagra.m of Fig. 
3, the normal stress components parallel and perpendicular to the bed may be 
related to each other through am earth pressure coe~cient, k~a~s; thus 
p~ = k=~p~,,p~, (3) 
where k~c~8 may take on either the active or passive values, kant or kp~ss, i.e. 
kv.~s =2 ~/1 - ( I  tan~"~) COS' ~]/cos '  r - I ,  (4) 
and the :V sign is chosen depending upon whether 
>0 Ou/Ox = 
<0, 
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Fig. 3. Mohr's circle representation f the active and passive stress states. 
Define a characteristic streamwise l ngth scale L~ and a depth scale H, and 
take 
I-UL = E << 1 .  
We then non-dimensionalize the variables as follows 
(x, y) = (L~, H~), (5) 
-~v /~,  , (6) 
(p=, p~, v~)  = [pall cos ~o]@=, p~, tan ~p~.), (7) 
where Pij axe the stress components with compressive stresses taken as positive, 
g is the gravitational cceleration, t is time and ~o is a characteristic bed slope. 
Quantities having a tilde axe dimensionless and are taken to be of order unity. 
By using the above non-dimensionalization, eliminating the tildas for brevity~ 
and then depth averaging the conservation f mass and linear momentum equations 
we can obtain for the case of small curvature and small bed friction 
~-+ 0~ =0 (8) 
and 
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~ Oh 
0-7 + ~ = ~in ~ - tan 6 cos r sgn(~)  -- ~ ko~o~ cos ~ ~,  (9) 
where the depth averaged velocity ~ is defined by 
~= udy , 
and where we have assumed the momentum coefficient 
1 fn hu2dy,.~l (11) 
= h~2 __ 
corresponding to blunt velocity profiles. 
Because of the small curvature assumption, ~he effects of curvature appear only 
in the fact ~hat ( is a function of x. Otherwise the equations have the same form 
as those used by Savage and Hutter (1989a) for flow down a rough plane bed in 
which ( is constant. We shall restrict he analysis in the present paper to the case 
of mot ion down plane beds. Perturbation analyses for the curved bed case have 
been carried out, but they axe very lengthy and will be published elsewhere. 
3. Perturbat ion Expansions 
We shall solve (8) and (9) by means of the method of strained coordinates (Van 
Dyke 1975, Kevorkian and Cole 1981): Consider cases in which the slope ~ and 
the bed friction angle 6 are such that ~ is always positive. It is most convenient 
to choose the length scale L to correspond to one-half of the length of the pile at 
the initial time, t = 0. Let us define 
s ,~o(t) = (sin ~ - tan ~ cos r e~', (12) 
which corresponds to the velocity of a point mass released from rest on a rough 
bed; and define a new streamwise coordinate relative to the position of this point 
mass  as 
f ~ = ~ - u0( t ' )et ' .  
We transform from the (x, t) plane to the (G t) 
(9 0 0 0 
so that the equations of motion (8) and (9) can be 
Oh Oh O'ff 
+ (~-  ~o)~ + h -~-~ 
plane, using 
0 
0~'  
expressed as 
=0 
(L3) 
(14) 
(15) 
and 
Computation of Avalanche Flow 521 
where 
and let 
+ ( -~-~,o)~ = sine - tans  eosr  - , rw . ,  a---~ 
ar  
(16) 
P ~ kaet:pasa COS ~. 
Define a strained coordinate variable s such that 
= s + ~1 + ~2 + ~s~3 +. . .  
t--..-r T'. 
(17) 
(18) 
(19) 
We want to express the governing equations in terms of these new independent 
variables; thus, using (18) and (19) we Cml write 
and 
0 0r  o O 1 a 
0~ - os 0~ = ~'' ~ ~ 0r - r as (20) 
a o~o & o o o o 
07" - 87" or + o -7~ ~ at - 07" r  (21) 
Using (20) and (21), equations (15) and (16) can then be expressed as 
_aOh + (~_  Uo-  + = 0 , 
and 
(22) 
~,,~ + (~-  ~o- ~,~)~ 
= ~,a(sin r - tan 6 cos r - eF a.h_h (23) 
as"  
Now expand the depth and depth averaged velocity in terms of the small pa- 
rameter e as follows 
h(~, t; ,) ~ ho(s) + ,hi(s, 7") + e2h~(s, 7) + . . . ,  (24) 
~(~, t; e) e~a UO(7") + 'Ul(S, 7") + e2U2(S, 7") "q- . . . .  (25) 
We have chosen the zeroth order solution to correspond to the pile moving as a 
rigid block with no spreading, i.e. 
cO ho OUo 
0-T - 0-7 = 0. (26) 
Substituting (24) and (25) into (22) and collecting terms of order e yields ~he 
following set of equations 
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Ohl ~1~. ohO Oho L Oul 
Or ' Os + ul--~s + '~176 = 0 , (27) 
Oh2 Dh, Oho Oqhl Oho 
Or  ' Os -'~s +ui--~-s +u2 as 
h OUl_h  " Oui 
O(P) 
etc., 
where, as before, the subscripts s and ~- designate differentiation. 
We are free to choose the straining for the coordinate variable s. In the above 
equations we see that~ for example 
are appropriate choices which cancel terms and simplify (27) mad (28). Examina- 
tion of the higher order equations uggests that in general we should choose 
~.,, = u . .  (29)  
Making use of (29) and applying to higher order the same procedure that produced 
(27) and (28) we obtain the following set of recursion relations for h from the 
conservation ofmass equation (22) which holds for n > 0 
n-.1 n- -1  
= - . (3o)  
i=O i=1 
Substituting (24) and (25) into the momentum equation (23) and making use of 
(29) yields a similar set of recuxsion relations for the nth order velocities for n > 0 
n- -1  
u~,. = - ~ ~,,.u(._i),. -- Y h(._0,~ . (31) 
4----1 
The zeroth order velocity u0 is given by (12) 
u0 = (sin ( -- tan 5 cos r = a t ,  (32) 
and the zeroth order depth h0 corresponds to the initial depth profile specified at 
time r = O. 
Given the initial depth profile in analytical form~ expressions for the higher 
order depths, velocities and straining for the coordinate s can be determined by 
integrating the system (29), (30) and (31). While the first few of these integrations 
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can be performed by hand, determination of the higher order terms soon becomes 
unmanageable. Thus, the integrations were performed symbolically using the P~E- 
DUCE 3.3 (ttearn 1987) computer algebra package running on an Acorn Spring- 
board coprocessor with 4 Megabytes of RAM mounted in a Compaq Portable III. 
On a series of Lisp benchmarks, ~his processor performs at nearly 4 times the 
speed of a VAX 780 and twice the speed of a Symbolics 3670. 
Some initial attempts were made to do the symbolic computations using RE- 
DUCE 3.2 running on an IBM PC clone. Difficulties were experienced as a result 
of the 640 K memory limitations of MS DOS and only a few terms of the se- 
ries solutions could be determined before the memory was exhausted. By loading 
the minimum REDUCE configuration and replacing the integration package by 
some simple rules to perform the elementary integrations required here, a few 
more terms could be obtained, but the results were still less than desired. At this 
point the problem was transferred to the Acorn Springboard coprocessor having 4 
Megabytes of RAM and no further problems were experienced. 
4. Solutions For Specific Initial Profiles 
4.1. Parabol ic  Cap 
We suppose that the initial profile is in the shape of a parabolic hump, i.e. 
h(s,0) = h0(s) = 1 - s~. (33) 
From (29) to (33) the solution is found to be 
1 2-2 4 11 3~ 6 73 4~4 s 
= 41 + ~r~ 2 - ~ r ~ + ~ ~ ~ - 3-fig~ l ~ ...1, (34) 
h=(1-82) [1  - eFT 2 +4e2F2~-4 
86 3-3 6 892 4~4 s ~r~ + ...] (35) 
11 2,~2 4 292 
- Uo = 2eYsr[1 - eFv 2 + ~-~e ~ "r - 315 e3r3T6"" ]" (~6) 
Although only a few terms are shown above, the solution has been carried out 
without difficulty to 30th order. It is seen from (35) and (36) that the depth and 
velocity profiles not only are of simple shape, but that these shapes are preserved 
(i.e. the profiles merely undergo a stretching) as the pile moves down the incline. 
This suggested the existence of similarity solutions which can be carried out in 
a different but very straightforward way. These similarity solutions have been 
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obtained for both plane beds (Savage and Hurter 1989a) and for gradually curved 
but otherwise arbitrary shaped beds (Savage and Nohguchi 1988). 
The front, ~ = fF, and rear, f = fR, of the pile correspond to s = +1 and 
s = -1  respectively. The pile is of unit half length initially at time v = 0 and 
grows in length as the pile moves down the incline. The shape of the pile is seen 
from (35) to remain parabolic, and it preserves its volume as it grows in length. 
The velocity difference ~-  u0 varies linearly with distance s from the center of the 
pile. 
To obtain more useful quantitative results we must sum the divergent series 
appearing in (34), (35) and (36). This can be done, for example, either through 
the use of Shanks' nonlinear el transformation (Shanks 1955, Van Dyke 1975, 
1984, Bender and Orszag 1978) or by Pad@ approximants (Baker 1965~ Bender 
and Orszag 1978). The preparation of the program for the numericM summa- 
tion of the series was done in part by means of the GENTRAN package (Gates 
1987) which translated the solutions derived from the REDUCE programs into 
C-language code. GENTRAN worked well for the present application~ but it is 
worth mentioning that some difficulties have been experienced in other applications 
when it sometimes failed (during translation into C) to put in the required pairs 
of parentheses in the denominators of complicated expressions. The MACSYMA 
listing of Hussain and Noble (1983) for the computation of Pad@ approximants 
was translated into I~EDUCE code for the present analysis. Preparation of the 
I~EDUCE code for integrating (29), (30) and (31) and the Pad& approximants was 
fairly straightforward and is not given here, but it can be provided by the author 
for the interested reader. 
Results from the Shanks transformations are shown in Fig. 4, where ~F = --~R 
is plotted versus time r for different values of er = (H/L)k==:p=~ cos ~. These 
results were obtained by summing the 17 term series expansions for ~. They are 
the same, to within 5 significant figures, as the results from the similarity solutions 
(Savage and Hutter 1989a) in which the spread of the pile was determined by the 
integration of an ordinary differential equation by a Runge-Kutta method. Use of 
the Pad& approximants based on only the first 11 terms of the series gave results 
in ~ somewhat more compact and general form but they were slightly less accurate 
as they were based on fewer terms. 
4.2. Distorted Parabolic Cap 
The analytical results presented in the previous ection strongly implied that 
the results of the Eulerian finite difference scheme mentioned in Savage and Hurter 
(1989a) were affected by numerical difficulties. There was nothing in the analytical 
results to suggest he evolution into the M-wave shape as shown in Fig. 2. How- 
ever, the ~nalysis was for a particular depth profile in the form of a parabolic cap 
for which a similarity solution was found to exist (Savage and Hurter 1989a). Sav- 
age and Hurter attempted to study the stability of these parabolic ap similarity 
solutions to see whether initial disturbances would cause the profile to develop into 
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Fig. 4. Longitudinal spread of the parabolic ap solution as a function of nondi- 
mensional time. Results are based upon summation of series up to 16th order. 
the M-wave shape. They were only able to perform a linear stability analysis of 
a rather restricted type that left the spread unperturbed. Although the parabolic 
cap was found to be stable, this stability analysis was still somewhat inconclusive 
because of its restricted nature. 
Thus, we consider here the evolution from an initial profile that is a distortion 
of the parabolic ap shape which will result in nonsimilar solutions. We suppose 
that the initial depth profile is of the form 
h(+, 0) = h0(+) = (1 + k+)(1 - +~) = a(+) ,  (aT) 
where k is a distortion constant. Fig. 5 compares the distorted profile for k = 0.3 
with the symmetric parabolic ap profile. 
Solving the system (29) to (31) for the initial depth profile given by (37) and 
the zeroth order velocity given by (32) using REDUCE, we obtain the various 
order expressions for the strained coordinate 
2 ' (38) 
~2T 
~2 = - -4  ' (39)  
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Fig. 5. Initial depth  profile in shape of distorted parabolic cap. 
expressions for the depth 
~'3 = u '3~-  6 ' (40) 
etc., 
ho = a(~) , 
hi =-a(~) (1  + 3k~)r~ 2 , 
h~ = a(~)(16 + n4ks  - 9~: + 171k:s~)r~ * , 
h3 = - ~(s)(172 + 2061ks - 369k ~ + 7065k2s 2
- 882kas + 7065k3s3)F3v ~ ,
and expressions for the velocity 
etc., 
UO ~ aT  
~ = [2~ + (3~ ~ - ~)k ] r~,  
~2 = -g [4~ + a(7~ 2 - a)k2~ + (2182 - 5 )~] r~ 3 , 
(41) 
(42) 
(43) 
(44) 
(45) 
(46) 
(47) 
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profile compared with that for symmetrical parabolic ap. Results are based upon 
summation of series up to 10th order and correspond to the case of ek,av,~ cos C = 
0.1. 
1 
ua = .h-~[44s - 97k + 441ks 2 - 468k2s + 1200k2s z + 9k 3 
- 477kas ~ + 900k3~4]F3r s , (48) 
etc. 
These expressions are considerably more complex than the corresponding ones 
appearing in (34), (35), and (36) for the symmetrical parabolic ap initial profile. 
Again the resulting divergent series for ~, h and u can be summed by using Shanks 
transformations and Pad6 approximants. It was found that the flow that developed 
from the asymmetric initial depth profile soon approached that corresponding to
a similarity solution. There was no evidence of "instability" or evolution toward 
the steep edged M-wave shape. Fig. 6 compares the spread of the front and rear 
of the pile for the distorted initial profile (with k = 0.3) with the spread of the 
symmetric parabolic ap pros (k = 0). These resuits are based upon summation 
of terms up to 10th order and correspond to the case of ek,am,, cos ~ = 0.1. The 
spread of the front, ~F, was determined by both Pad6 approximants and Shanks 
transformations, both giving essentially the same results. The spread of the rear, 
~ ,  was determined by Pad6 approximants since the Shanks transformations were 
unsuccessful for this ease. The behavior is as one would expect on physical grounds. 
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Since the front of the distorted pile has a steeper initial relative surface slope than 
the rear or that of the symmetric pile (see Fig. 5), the initial growth rate of ~F 
is greater than that of ~R. At larger times, as the pile relaxes into a symmetrical 
parabolic cap shape, the rate of spread is the same as that for the parabolic ap 
initial profile. The constant difference between the magnitude of the spread of the 
front and rear of the pile and the difference between the spreads for the symmetric 
initial shape is due to the distortion of the initial profile and corresponds to a shift 
in the relative positions of the centers of mass of the asymmetric and symmetric 
initial profiles. Note that at large times the average of fF and --f~ for the distorted 
initial profile is the same as fF for the parabolic ap. 
These results showed convincingly that the Eulerian finite difference computa- 
tions mentioned in Savage and Hurter (1989a) were in error. This realization led 
to the development of a different Lagrangian scheme (Savage and Hurter 1989a) 
which is found to give excellent agreement with the present computations. 
5. Concluding Remarks 
The present paper has made use of the depth averaged equations of motion of 
Savage and Hurter (1989a) and obtained by the method of strained coordinates 
solutions for the flow of a finite mass of an incompressible cohesionless granular 
material down a rough incline. The perturbation analysis was performed with 
the aid of the computer algebra package REDUCE 3.3. By means of symbolic 
computation the solutions were determined to much higher order than would have 
been feasible by hand. Analytical expressions obtMned from the computer algebra 
program were translated with GENTRAN into C-code for numerical computation 
of final results. It was possible through this use of symbolic computation to obtain 
"(algebraically) error-free" results which would have been virtually impossible to 
obtain by hand. 
The algebraic form of the results suggested the existence of similarity solutions 
which are described elsewhere (Savage and Hurter 1989a, Savage and Nohguchi 
1988). The symbolic computations demonstrated the inadequacies of one numeri- 
cal finite difference scheme that had been developed to solve the present problem 
and lead to the development of a more efficient and accurate Lagrangian approach 
that is presented in Savage and Hurter (1989a). The present analytical results 
have been used to check the accuracy of the latter numerical scheme. 
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